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Abstract

Apparently new summations in terms of well-known special functions are
deduced for hypergeometric-type series containing a digamma function as a
factor. As a by-product of this investigation new reduction formulae for the
Kampé de Fériet function on::lzjol [x, x] are obtained.

PACS numbers: 02.30.—f, 02.30.Gp

1. Introduction

Although numerous series containing the digamma or psi function ¥ (z) (which is usually
defined as the logarithmic derivative of the gamma function, i.e. ¥ (z) = I''(z)/I'(z)) have
been collected and recorded by Hansen [3, pp 360-366] many significant gaps still remain.
Thus it is the purpose of this work to deduce several apparently new results among which are
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and for |x| < 1
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k=1 ’

(which may be rewritten also as equation (3.6)), where the , F, are generalized hypergeometric
functions, the Pochhammer symbol (b); is defined by (b);y = I'(b +k)/T'(b), and x and b are
complex numbers such that b # 0, —1, —2, .... Note that when b = 1 equations (1.1a) and
(1.1b) coincide since (1), = k!and | Fi(1; 2; —x) = (1 —e™)/x. Note also that the confluent
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hypergeometric function in equation (1.1b) is essentially an incomplete gamma function since
VFi(b;b+1; —x) = bxPy (b, x).

Sums of the type containing the digamma function considered herein occur often in
mathematical physics and other applied areas especially when deriving asymptotic expansions
and exact results for Mellin—Barnes (see e.g. [8, 9]) and other integrals. Thus, when
possible it is advantageous to be able to recognize and express such sums in terms of known
special functions in order to facilitate easier computation or further theoretical developments.
Additional results will be discussed in section 5. In section 6 as a by-product of this
investigation we deduce two new reduction formulae for the Kampé de Fériet function
FyiroLx, 21

2. Transformation and reduction formulae

Essentially we shall derive equations (1.1) and (1.2) by using and exploiting appropriate
connections between three results involving Kampé de Fériet functions (see e.g. [11] for an
introduction to these functions) that have already been recorded earlier.

First, we note the transformation formula

Lpo @ (a,,); — Op+l;1 | —— - @, (ap) ;B —a;

F =¢'F -

a0 [ﬁ L by —;x’y] o o [ B by 2 — ]
2.1

where (a,) denotes the sequence of parameters aj, ay, ...,a,. This result is derived in

[6, equation (3.6)] by essentially writing the Kampé de Fériet function on the left as a
series indexed by m > 0 containing the confluent functions | Fj(« + m; 8 + m; y) and then
utilizing Kummer’s first theorem | Fy (a; b; y) = e’ F1(b—a; b; —y) to obtain the right side of
equation (2.1). Note that when x = 0 equation (2.1) reduces to Kummer’s result with a = «

and b = B.
Second, we shall need the reduction formula
. : S b—a
FFI,O I:(ar) a7 7x7 _x} =, Fs ((ar)7 > x) 2‘2
R RV S S — U 2

which is recorded in [11, p 31, equation (45)] in a slightly different form and can easily be
shown to be a consequence of Gauss’s summation theorem for the series , F(1).
Third, we shall utilize the reduction formula derived in [7, p 201]:

2 cb—1,1 ; 1

o [((‘j:)) AR ;x,x]=(1—b)w(b—1)p+1Fq(1,wp);<uq);x>
P Wplm
A=b)Y Y(b+m) TR 2.3)

m=0
where b # 0, =1, =2, ..., (p)m = (WD) m(U2)m - - - (Up)m and when p = O the latter product
is empty and understood to reduce to unity.

We mention that if only the upper (numerator) parameter b — 1 in the Kampé de Fériet
function in equation (2.3) is replaced by «, then a more general reduction formula may be
obtained in terms of two generalized hypergeometric functions (cf [5, equation (9)]), but in
this case the result just alluded to is not valid when o« = b — 1.

In what follows we shall utilize two forms of a specialization of equation (2.3). In

particular, set p = 0 and let b — b + 1 thus giving
vb+1+m
. ) g Z ( )

0:2;1 b,1
q:1;0 (Vq) b+l : (vq)m

b fx,x}= by (b)iF, (
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which may also be written as

9. b1 1
F;);i’é[(vq) el . xx}—b2<w(b+1+m> Y (b))

( q)m

In these two results replace m by m — 1 and adjust the initial summation index accordingly.
Thus since («),,—1 = (¢ — 1), /(e — 1) we have

0:2;1 : b,l ; 1 ; _ 1 ;
Fq:w[(vq) bl ;x,x]— bw(b)qu<(vq) ;x)

b i
+;Zw<b+m>{]:[ »—1>m} (2.4a)

and

0:2;1 cob1l 1 ; — by -
Fq:w[(vq) el ,x,X}—;Z(W(b+m)—1ﬁ(b)){H 1>m}

9 9
m=1

(2.4b)

where in the latter the index may be started at m = 0 since it provides no contribution.

3. Summation of the series in equations (1.1) and (1.2)

In equation (2.1) let p = g = 1 and y = —x. Thus dispensing with the parametric subscripts
(here and in what follows) gives

Lo | @ 1Ay ——; —x 021 Dooa ;o foa g
Fiio |:,3 b ;x,—xi| =e Fi1p |: 8 L b ;x,x].
And in equation (2.2) letting r = s = 1 yields
1:1;0 [0 a; ——; a,b—a ;
Fiio B b _;x,—x:| =2Fz< b : —x).
Thus we have the reduction formula
o2l [— ¢ aa ; B—a; . a,b—a ;
Fl:l;()_ 8 S b ;x,x]=62F2< B, b ;—x>
which when specialized with @ = ¢, and B = ¢ + 1 gives
021 [— ac 31 o cb—a ;5
Fl:l;O _C+1 . b : ;x,xi| =¢€ 2F2 <C+l,b ; X). (31)
In equation (3.1) letting first » — b + 1 and then setting ¢ = 1, a = b provides
2 b1 1 ; 1,1 ;
0:2;1 ) ; ; o , ;o
F1;1;0 |: ) Db+l ;x,x:| =e"LF (2,b+1 : x) . (3.2a)
But from equations (2.4a) and (2.4b) respectively upon setting ¢ = 1, and v = 2 we have also
oy |— b, 1 1 1ﬁ(b"‘m)
Fﬁ'i’o‘[ s bl . ]z—bwa))lﬂ(l 2 x)+ 2 Z
’ ’ ’ m=1
(3.2b)
and

’ ’

2 bl 1 b m
Fﬁ'ﬁ‘o‘[ s bl .x,x}=;Z(w<b+m>—w(b)>%. (3.:20)
m=1 '
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Thus from equations (3.2) upon noting that ;| F;(1; 2; x) = (e* — 1)/x we have

~Y(b+m) , xe I .
Y= 2F2<2 bl ;—x>+w<b)(e -1

m=1

which may be rewritten as equation (1.1a) and the more elegant result

> b b x”’_xexF 1, 1 ; 33
DWbrm —y B ==k, o). (3.3)

m=1
Now in equation (3.1) letting first b — b + 1 and then setting a = 1, ¢ = b provides
— = b, 1 1 ; b b
0:2;1 ) ; ; x ) ;
F”°|:b+1 N [ p— ~x’x}:eze<b+1 b+1 -_x>' (3-4)

And in equation (2.4a) set g = 1, and v = b + 1 thus giving also

b+m) yb+m
(M
(3.4b)

2. b1 1 ; 14
Fﬁ'i’o‘[bH a1 . }=—b¢(b)1F1(1b+1x)+—Z

k]

Now equating the right sides of equations (3.4), and rearranging terms yields

b* N (b +m) et b . b
Z (b)m = 2F2 (b+1 s b+1 ;_x>+bW(b)1F1(1,b+1,x)_

Since by Kummer’s first theorem |Fi(1;b + 1;x) = e Fi(b;b + 1; —x), we deduce
equation (1.1b).
Finally, to derive equation (1.2) in equation (2.4a) let ¢ = 0 thus giving

m=1

2F1(1, b b+ 15 x) 1 Fo(1; =5 x) = —=byr (b)1 Fo(1; —; x) + b Y v +mx", (3.5
X

m=1

Noting that | Fo(1; —; x) = (1 — x)~!, and rearranging terms then yields

oo
g Z (b +m)x" = ﬁ[blﬂ(b) +,F1(1,b;0+1;x)].
m=1
Now multiplying both sides of the latter equation by x/b we have equation (1.2).
Note that since | Fy(1; —; x) in equation (3.5) does not converge on the unit circle |x| = 1,
equation (1.2) is valid only when |x| < 1.
Another derivation of equation (1.2) is given as follows. Starting with the functional
relation for the digamma function

1
Yz+1)= lﬁ(Z)+E

let z = b + k, multiply both sides of the latter by x*, and sum over k > 0 thus giving

Z¢(1+b+k)x =

k=0 k=0

sb+ k

Now adjusting the summation index on the left and observing that the second sum on the
right is equal to , F1 (1, b; b + 1; x) /b, where b # 0, —1, —2, ... and |x| < 1 for convergence
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of Gauss’s function , F; (x) we have

1 & P > .1 1,b
;;w(b+k)x —1/f(b)+k2=1:1/f(b+k)x + 7o) (b+1 _x).

)

Solving for the k-summation then yields equation (1.2) which may also be written more
elegantly as

ind 1 b
Z[w(b+k) —y(D)x* = 51 fszl (b+1 .X> , (3.6)
k=1 ’

where b # 0, —1, —2, ... and |x| < 1. Note that equation (3.6) may be obtained immediately
from equation (2.4b) upon setting g = 0.

4. The specialization b = 1

We mentioned in section 1 that when b = 1, equations (1.1a) and (1.1b) coincide. Furthermore,
in this case we have from either of equations (1.1) or (3.3)

Shwtes -y —xenn (M1 @1
— k22 ’ '

where x is an arbitrary complex number. An alternative elementary derivation of equation (4.1)
(which is given in a much different form) is outlined in [1, p 459, example 16].
However, if x is restricted to nonzero real values since for x > 0

L1 .
x2F < — x) =y +Inx — Ei(—x)

2,2
and
A(EY ) B —y -
Xl 2’ 2 ;x = X V4 X,
where Ei(x) is the exponential-integral function (cf [2, section 8.214]) and y = —¢(1) is
Euler’s constant, we have from equation (4.1) for x > 0
00 k
Z[w(k +1) — w(l)]% =¢e'[y +Inx — Ei(—x)] (4.2a)
k=1 '
and
- (=0t
S lpk+1) - YDl = e[y +Inx — Ei(x)]. (4.2b)

k=1

Equations (4.2) are recorded by Hansen (see [3, p 363, equations (55.7.1) and (55.7.2)], where

other references are also provided), but the restriction on the variable x is ambiguous.
Equations (4.2) may be written in simplified forms as

Z Vk + I)F = e"[Inx — Ei(—x)]
k=0 :
and
00 Nk
S wk+ 1)% = ¢ [Inx — Ei(x)],
k=0 '

where x > 0.
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The specialization b = 1 in equation (1.2) gives for |x| < 1

Do wrlle+ Dt = —— [y () +2F (1. 1 20l

k=1
Upon multiplying both sides of this by x, adjusting the summation index, and noting that
2 Fi(1,1;2; x) = —x'In(1 — x) we have

00 2 _
Y wiort = Ly - Y
k=2

1—x 1
And since
00 2
>t
k=2 -
we see that
> xIn(l — x)
DIWE -yt =———, x| <1

k=2
which is recorded in [3, p 361, equation (55.3.1)].

5. Additional results

Upon letting b — b + 1 we see that equation (2.3) may be written more elegantly as

o0
(Up)m L poa[(up) + b1 r
b+1+m)— )] —L2x" = —FP= b x|, (5.1
,,;W m VOIS = ) bel 2 —— OF] G
where b # 0, —1, —2,.... The leftmost sum of the latter is the most general generalized

hypergeometric-type sum containing the single digamma function ¢ (b + 1 + m) as a factor;
and equation (5.1) shows that these sums are truly hypergeometric in the sense that they may
be written essentially as a double generalized hypergeometric (i.e. a Kampé de Fériet) function
in two (equal) variables. Moreover, when the latter function is capable of reduction to a known
hypergeometric or special function in one variable, equation (5.1) becomes especially useful.
We have already exploited this feature in section 3 and we shall provide additional applications
in what follows.

In equation (2.4b) let ¢ = 2 and set v; = 2, v, = b + 1. Thus upon multiplying by x /b>

we obtain
= X" x b1 3 1

_ 2 0251 . > B )
Eflw(“’”) t/f(b)](b)mm!—b2 1:0 [2’“1 el ;x,x:|. (5.2)

In [7, equation (6.12)] we obtained a reduction formula for F20]201 [x, x] that with various
renamings of the parameters and variables may be written as

F021 —_— oo, B 1 ey
20 g+ 1,8+1 ¢y, —— 77
o . /3 y+B—a l+y+f—oa .
:—F ) F ) 2 ) 2 74
oz—,301<1+a—/3 ;x>34<y,ﬂ+1,1+,3—oz,y+,3—0{ ;x

ﬂ . a y+a—pB l+y+a—p .
+—_F x| 5F. N R 4x ).
B—a' 1(1+ﬁ—a ;x>3 4<y,a+1,1+a—,8,y+a—/3 ; x)
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Inthisset 8 = 1, = b, y = b+ 1 which yields

oz T b1 1 ;
200 [0 p4l = bal : — 0¥

b — 1,1,3/2 ;
_b—1°F‘< b ;x>3F4<l+b,2,2—b,2 ;4x>

1 - b. b, 12 .

b 9 9 2 K
+1—b°F‘<2—b ;x>3F4(1+b,1+b,b,2b ;4x)' (5-3)
The latter hypergeometric function reduces to one of lower order and so from equations (5.2)

and (5.3) we have
x — 1,1,3/2 ;

(b)m “hb-1) [‘)Fl( ;x)3F4(2,2,1+b,2—b ;4x>

1 — b, +b :
_ bl 72 9
bOF1<2—b ;x>2F3(2b,1+b,1+b ;4x)] 4

where b is not an integer (positive, negative or zero).
For example, if we set b = 1/2 and let x —x2 /4 in equation (5.4), since there is no
contribution to the sum from m = 0 we obtain

- 1 1 (—x2/4)m 2 _— x2
Z_%[w (5+m) _w<5>} (1/2)m! " [°F1<1/z ; ‘T)2F3

LT s 5 — ;¥ 12 5
X<2,2,3/2 ;_x)_2°F1(3/2 ;_Z)‘F2<3/z,3/2 )

(5.5q)

Z[w@ +m) =y (b)]

Noting that ¢(1/2) = —y — 21n2 and observing that the four hypergeometric functions in
the order of their appearance may be written essentially as a cosine, integral cosine, sine, and
integral sine (see e.g. [10, section 7] for the exact pertinent connecting formulae) we obtain
from the latter after simplification

i v <% +m> % =cosx [ln (g) - ci(2x)] — sinx [% + si(2x)] , (5.50)
m=0 "

where the integral sine si(x) and cosine ci(x) are defined respectively by

* sint o t
si(x)z—/ %dt, ci(x)z—/ gdt.

The result given by equation (5.4) is not valid for positive integers b; and so in this case
we shall derive a representation for the sum Y ¥ (b + m)x™ /(b),,m! by exploiting the
result (cf [3, p 363, equation (55.7.11)])

> m i [1 B]
DY +m>ﬁ =T [Elv_l(zm Inx — alvq(zﬁ)] : (5.6)
m=0 Lo

where 1,(z) is the modified Bessel function.
It is known for nonnegative integers n (see e.g. [4, p 71, section 3.2.3]) that

k n—k
91,(2) =(_1)n[ Ko+ b 'Z( s k(z)] 5.7)

v — k!
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where K, (z) is the Macdonald function (or Bessel function of imaginary argument), and the
latter finite sum vanishes when n = 0. Since

d
L) = —1,(2) + ~1,(2), (5.8)
dz Z
it is evident that
3 d 9 n o L)
2, <9, 22 + 8 5.9
g 1@ =g @ @ v (5-9)

Moreover, since

d %
d_KV(Z) =—-K,_1(z) — —-K,(2)
Z z

and from equation (5.8)
d v
—1,(z) =1,_1(2) — = 1,(2),
dz Z

differentiating both members of equation (5.7) with respect to z yields

2 n—k 1
= (-1" [Knl(z)+§1<n(z) Z( &R /Z> K@)

Z
) n-l —1Dk(2 /) * k
ny EE (Ikl(m— Zh(z))]

2= (n—kk!

Thus, by using the latter together with equation (5.7) we have from equation (5.9) after
simplification the result

I, 1 Dk@/)m*
= ;Z)+(—1)”|: n-1(2) + 30 'Z( )(]Z)z]z’ I""(Z)] .

where n = 0, 1, 2, .. .. Finally, equations (5.10) w1th z = 24/x and (5.6) with v = n yield

dal()
dzov "¢

81 (2)
va_lz

v=n

=(n— Dix'z {%In_l(Zﬁ) Inx — %

n—1 k—n
_ 1 (—D¥xz
_1n1 !
+(=1) [ n—1(2V/X) + = St Z Ok I 1(2\/_):“ (5.11)
wheren =1,2,3,....
In particular, when n = 1 equation (5.11) provides (upon nothing that 7_,(z) = I,,(z) for
integers n)

Z Wl + m)— = %10(2ﬁ) Inx + Ko(2/%) (5.12)

which is a well-known result (cf [3, p 363, equation (55.7.7)]).

Next, we shall deduce a representation for ) -, ¥ (1 + k)x* /(n)k! for positive integers
n. In [8, p 253, Ex. 8.3] Olver records an expansion for the Macdonald function K, (z) for n
a nonnegative integer:

12\ —k—1)! [—22\*
k=3 () Z(k—)(TZ) 0 (3) B
nl @/
+-1'3 (5 ) Z[Iﬂ(l+k)+1//(1+ Ayt (5.13)
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where the finite k-summation vanishes when n = 0. A few elementary manipulations reveal
that this sum may be written in closed form as

n—1 s ' ) k 2 4 n—1
Z(n k—1)! (T) 2%3%(1,1,1%;—;4/2)-
k=0

Thus rearranging the terms of equation (5.13), letting n — n — 1, setting z = 2/x, and
observing that (n + k — 1)! = (n),['(n) gives

S YL +hx* Ky m+hxt n—1
2 +2 =

Fo(1,1,2—n; —; 1
(1) k! (1) k! 3fol m = 1)

k=0 k=0

+ (0 — D T [Lmg 2V Inx +2(— 1" K, 2401, (5.14)

wheren =1,2,3,....
Finally, employing equation (5.11) we obtain for positive integers n

3 TSN Lk DM
;Vf( + )(I’l)kk' —T3 0( s, 2—n; —; /-x)
+(n—1)!x‘z”{ (2% Inx +I;f/{;)
1 kx
+<—1)"—1[ . 1(2f>——n'2( ),f)k, I I(ZI)H (5.15)

Note that when n = 1, equations (5.14) and (5.15) reduce to equation (5.12).

6. Two reduction formulae

We may use equations (5.1) and (5.15) to obtain a heretofore unavailable reduction formula
for the Kampé de Fériet function onlzol [x, x]. In equation (2.4b) let ¢ = 2 and set v; = 2,
v, =n+1,b =1 thus giving

0:2;1 - : 1,1 5 1 )

_ZIW(Hm) w(l)]() . F2:1;0[2,n+1: ) . xox )
The left side of the latter may be written as

- Wad+my+yl——==-) Wl+m)+y]l——

23 o =L o
since ¥ (1) = —y. And so noting that

0Fi(=5m; ) = (1 = Dlx 2 [, 1 (2V) ©.1)
we deduce
oz1| — ¢+ L1 5 1 3
FZlO[z,nﬂ co2 o — T

{ (I’l—l)'x 2" I, Z ( . m!} (6.2)
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where for positive integers n the summation is given by equation (5.15). Thus equation (6.2)
provides the required reduction formula. When n = 1 this reduces via equation (5.12) to

o |l— 1,1 1 ; 1 1
Fgﬁ*(}[zz A .x,x]:;[<y+§1nx)10(2\/})+1<0(2\/})] (6.3)

’ ’

Another reduction formula may be obtained by employing equations (5.2) and (5.11) the
former of which provides for b = n a positive integer

0:2;1 - : n, 1 ; 1 ) _ 712 - x"
P |:2,n+1 D on+l1 ; — ;x,xi| T ox Zo[w(n+m) Ip(n)](n)mm!’
m=
since the contribution to the sum from m = 0 is obviously zero. Thus using equation (6.1) we
have

o221 — + n, 1 1
Fao |:2,n+1 s on+l1 ;. —— ;x,x:|
n? | & x™ 1
=— ) vn+m)—— — Y — Dlx T L, 2Vx) | (6.4)
X |= (n),,m!

where the summation is given by equation (5.11). When n = 1 equation (6.4) also reduces to
equation (6.3). Moreover, the reduction formula given by equation (6.4) provides the analogue
of equation (5.3) when b is a positive integer n.
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